A nontrivial example of a quartic central polynomial extension with noncommutative centralizer is also described. A characterisation is given of a right predual extension of a right polymial extension in terms of the existence of certain separate zeros. As a corollary a characterisation is derived for polynomial extensions which are Galois extensions in terms of the existence of separate zeros.
, Bnm' for some n. This notion of left polynomial extension is a generalisation of the notion of pseudo-linear extension, known from literature. In this paper we show that any polynomial which is the minimal polynomial over K of some element in an extension of K, occurs as the polynomial related to a polynomial generator of some polynomial extension. We also prove that every left cubic extension is a left polynomial extension.
Furthermore we give a characterisation of all left cubic extensions which have right degree 2 and construct an example of such a left cubic extension which is not pseudo-linear and which cannot be obtained as a homomorphic image of some form of a skew polynomial ring. Moreover, we
give a classification of all cubic Galois extensions and construct examples of them. It is proved that any quartic central extension of a noncommutative ground field is a polynomial extension.
A nontrivial example of a quartic central polynomial extension with noncommutative centralizer is also described. A characterisation is given of a right predual extension of a right polymial extension in terms of the existence of certain separate zeros. As a corollary a characterisation is derived for polynomial extensions which are Galois extensions in terms of the existence of separate zeros.
Finally it is proved that any right polynomial extension has a dual extension which is left polynomial.
Introduction
An extension L/K of skew fields is called a left polynomial extension with polynomial generator 19 if it has a left basis of the form 1, 0, 02, . . . , On-' for some n. The left minimal polynomial p of 0 over K is sometimes referred to as the polynomial related to 8. This notion of left polynomial extension is a generalisation of the notion of pseudo-linear extension, known from literature. In this paper some results on polynomial extensions are presented. In Section 2 we give a characterisation of all intermediate fields of a polynomial extension in terms of factors of the polynomial related to some polynomial generator.
Further we show that any polynomial which is the minimal polynomial over K of some element in an extension of K occurs as the polynomial related to a polynomial generator of some polynomial extension. In Section 3 we prove that every left cubic extension is a left polynomial exten-sion. We give a characterisation of all left cubic extensions which have right degree 2 and construct an example of such a left cubic extension which is not pseudo-linear and which cannot be obtained as a homomorphic image of some form of a skew polynomial ring. Further in Section 3 we give a classification of all cubic Galois extensions and construct examples of them.
In Section 4 it is proved that any quartic central extension of a noncommutative ground field is a polynomial extension. This is in contrast with the case of a commutative ground field; in that case there can exist commutative quartic extensions which are not polynomial.
A nontrivial example of a quartic central polynomial extension with noncommutative centralizer is also described. In Section 5 we study the zeros of the polynomial related to some polynomial generator. A characterisation is given of a right predual of a right polynomial extension in terms of the existence of certain separate zeros. As a corollary a characterisation is derived for polynomial extensions which are Galois extensions in terms of the existence of separate zeros. Further it is proved that for every right polynomial extension L/K of degree n a predual extension may be constructed by taking the copower of n + 1 copies of L. Finally it is proved that any right polynomial extension has a dual which is left polynomial.
Examples are given of right polynomial extensions for which all duals are left polynomial extensions; also examples are given in which this is not the case.
Since in this paper the main concepts introduced in [lo- 131 are applied, we have to recall the following definitions.
More about them can be found in the references mentioned.
In this paper K, L, N, D will be fields which may or may not be commutative.
If
SCK we denote the centralizer of S in K by Z,(S) and the center of K by Z(K). By G,,K we denote the group of K-automorphisms of L. An extension of fields L/K is a Galois extension if K is the field of invariants of some group of K-automor- 
Constructions
to provide examples or counterexamples of field extensions L/K can be carried out by describing explicitely the structure of an extension L of a given ground field K. Especially in the commutative case this strategy has turned out to be useful. In the noncommutative case also sometimes these explicit constructions are given. But more often a more implicit strategy is followed by first constructing the field L and afterwards choosing a subfield K of L as the ground field such that L/K has the desired properties. In this case the ground field has a more relative position. A variant of this implicit stategy is to construct L and K at one time, for instance by taking duals or double-duals of a given extension. To describe these kinds of construction methods the following concept is useful: (iv) There exists a commutative field C such that
. Z(L).
Notice that this C is a subfield of Z(K,) n Z(L,). If these are satisfied by some C, then the field CO = Z(K,) n Z(L,) will also satisfy the conditions. 
Polynomial extensions
In this section some properties of polynomial extensions are established. Further we give a survey of a number of more specific classes of extensions which are subsumed by the class of polynomial extensions. We start with the following lemma: 
Calculations in L can be made using this commutation rule and the polynomial rule given by: In general the relations which are satisfied by the Si as mentioned in (c) above are rather complicated.
For this reason we have not summarized them. But in more specific cases they can get a form which is easier to handle. We will define a number of specific cases. These imply the relations mentioned in (b). 0
. Y= {q E L[X] ) X-6' )q/ p). The mapping @ : D + ps/o of @ into Y is injective and for every D, E E @ we have D c E implies o(E) / O(D) and deg Q(E) 1 deg o(D). Furthermore deg Q(D) = [L : D], and D is generated by the coefficients of PO/D for all DE @.
This example shows us that sometimes polynomial relations and commutation rules mix up, and this can have farreaching consequences. In the remainder of this section we go into the issue of classifying the cubic Galois extensions.
The following, more general result is basic for this.
Theorem 3.3. Supposep is a prime and L/K is a Galois extension of degreep. Then there are two possibilities: (i) L/K is an outer Galois extension. In this case L/K is a cyclic Galois extension. (a) If Z(K) contains the pth roots of unity, then L/K is a normalizing binomial extension. (b) If char(K) =p, then L/K is a A-normalizing A-binomial extension. (ii) L/K is an inner Galois extension. In this case L/K is inner plain, that is: Z(K)/Z(L) is an extension of commutative fields of degree p. (a) If Z(K)/Z(L) is a (cyclic) Galois extension, then L/K is a normalizing binomial extension. (b) If Z(K)/Z(L) is an (purely) inseparable extension, then L/K is a Anormalizing A-binomial extension.
Proof. The extension L/K can be decomposed into an outer extension followed by an inner extension (for instance, see [3, p. 52, Corollary] or [13, Theorem 6.11). Since the degree is a prime this decomposition must be trivial; therefore we only have the possibilities (i) and (ii).
sion. The remainder of (i) is Amitsurs well known characterisation of outer cyclic Galois extensions (for instance, see [l] or [lo] ).
(ii) If L/K is inner, then we can decompose it into an inner central extension followed by an inner plain extension (see [13, Theorem 6.11 ). However, inner central extensions have a degree which is a square (see [13, Proposition 6.21 
Proposition 3.4. (a) For any separable cubic extension of commutative fields LO/K0 which is not a Galois extension there exists a cubic inner plain binomial extension L/K with Z(K) = LO and Z(L) = K,. This L/K is a cubic Galois extension which is not normalizing nor A-normalizing; it is described in more details in (c). (b) Any cubic inner plain Galois extension with separable non-Galois Z(K)/Z(L) can be faithfully enlarged to an extension as described in (c). (c) The field K contains a quadratic subfield F such that K/F is an inner plain normalizing binomial extension with generator a. The extension L/K has a binomial generator 0 which normalizes F. If S : F+ F is the endomorphism induced by 8, then 8 satisfies with respect to K the following relations for some A, ,u E F*: B(a+ba) = S(a)B+S(b)lo02
for a,beF.
This binomial generator 0 is not a pseudolinear generator. The field Z(F) is the normal closure of Z(K)/Z(L).
Proof. Some further information about the zeros of the polynomials in the Galois extensions considered in this section can be found in Section 5, in particular in Corollary 5.2 below.
Polynomial extensions of degree 4
Not every extension of left degree 4 is a polynomial extension; in the commutative case any purely inseparable extension of degree 4 is not a polynomial extension. Besides, the field of quaternions over the reals is a noncommutative extension which is not a polynomial extension. However, these examples share the property that they are central extensions with commutative ground field. It turns out that for noncommutative ground fields things are different.
In 
(a) = 0} of K is of the form ZK(t) for some t E K\Z(K) depending on the choice of 0. Any t E K\ Z(K) can be obtained by varying the polynomial generator 8. (ii) L/K is an outer central extension. If Z(L)/Z(K) is not purely inseparable, then L/K has a central polynomial generator. If Z(L)/Z(K) is purely inseparable, then L/K has a polynomial generator satisfying the relations described in (i).
Proof. By 
Notice that &(a)=0 if and only if ~EZ&C'P). (ii) L/K is outer central. In this case Z(L) is a quartic extension of Z(K).
If this extension is separable then it is singly generated.
If
is not separable but not purely inseparable, then there exists an inseparable element i with i2 E Z(K) and a separable element j such that i,j generate Z(L) over Z(K). The sum of these two elements is a generator of
is not purely inseparable then in all cases it is singly generated. Any generator of it is a central polynomial
is purely inseparable, then it has two inseparable generators i,j which satisfy the same relations as the quaternion generators in the proof of (i). Therefore, for this case the proof can be taken over completely from (i). So, for instance IVCC=~E-~~XO~ and Oa/?= -apO. In this case F= Z(K)((xp).
(f) Proposition 4.1 also shows us that the centralizer of a polynomial extension need not be singly generated over Z(K). This is in contrast with the case of normalizing polynomial extensions, whose centralizers are commutative fields, singly generated over Z(K), which was mentioned in Section 2.
Polynomial extensions, separate zeros and duality
The polynomial p related to a generator 0 of a right polynomial extension L/K has at least 0 as a left zero; it can have more zeros in L, or in an extension N of L. In this section we study extensions N in which p has n uniform separate zeros, with n = deg(p). By extending such an N further, in this case we can obtain inner K-automorphisms of N which make these uniform separate zeros conjugates (using In particular, since one of them is the identity, this proves that these K-homomorphisms are induced by inner automorphisms of P,. It is not easy to dualize the notion in a direct way. However, it will be proved below that every right polynomial extension has at least one dual extension which is left polynomial.
In fact, the standard construction of dual extensions as given in [lo, Appendix] provides such one. This implies that the notion of a polynomial extension is self-dual in some weak sense. This can be realized by the construction given in [lo, Appendix] .
By duality this L/K is inner central, so from Proposition 4.1 it follows that it is a polynomial extension.
In this case the exceptional Z,(K)/Z(L)
is IHAR and this is not polynomial. q 
Final remarks

